Let X be a compact K ahler manifold with K ahler form !. For On the one hand the existence of Green currents follows more or less formally from the Hodge decomposition for currents. To do intersection theory, on the other hand, we need currents which behave well. Green currents of logarithmic type are an example of these currents (see 2]). Here we present a method to nd a canonical Green current g Y which depends only on the K ahler manifold (X !) and the cycle Y . This current g Y is given by (k k)-forms with L 1 -coe cients which are smooth on X n Y .
Introduction
Let X be a compact K ahler manifold with K ahler form !. For On the one hand the existence of Green currents follows more or less formally from the Hodge decomposition for currents. To do intersection theory, on the other hand, we need currents which behave well. Green currents of logarithmic type are an example of these currents (see 2] ). Here we present a method to nd a canonical Green current g Y which depends only on the K ahler manifold (X !) and the cycle Y . This current g Y is given by (k k)-forms with L 1 -coe cients which are smooth on X n Y .
We start with repeating some basic results on K ahler manifolds in 1 which can be found in the textbooks 4] or 9]. In section 2 we recall the main properties of the heat kernel before we consider the heat ux of Dirac currents in section 3 obtaining a Green operator for these currents. In 4 we de ne the canonical harmonic Green current and show that its harmonic projection is zero. Following 2] we i n vestigate the a ne space of all Green currents for a given cycle. In section 5 we apply the heat kernel to intersections of properly intersecting cycles. This is needed to derive a f o r m ula for the -product of Green currents in 6. However, we have to restrict to cycles that intersect properly. Hence our results are weaker than those of 2]. As we used a di erent approach, we decided to present them here. In section 7 we give examples which we found by a goodguess (7.1) or because we know all eigen functions of the Laplace operator (7.2) or from the explicit form of the heat kernel (7.3). The last example shows how our techniques can be extended to non-compact K ahler manifolds for which a h e a t k ernel exists. In section 8 we show how example 7.1 can becomputed without guessing. The techniques of 5] presented here should be applicable to compute more concrete examples, e.g. canonical Green currents of (not too di cult) cycles in P n and Schubert cycles in Grassmannians (at least Grass(4 2)). We conclude in section 9 with some questions and remarks. The adjoint operators for @, @, a n d d a r e d e n o t e d b y @ , @ , a n d d respectively. We recall the following important equality for the Laplacian on a K ahler manifold:
This implies that the Laplacian commutes with @ and @. For the sequel the Hodge identity @ ; @ = i @ will be needed. Since is a smooth form, the current ] is called a smooth current. We obtain an embedding A p q (X) D p q (X) by assigning a smooth (p q)-form its associated current. To assign to a form a current w e can allow ( p q)-forms whose coe cients are locally integrable functions.
We can wedge a current T 2 D k (X) with a smooth form 2 A l (X) by setting ( ^T)( ) : = (;1) kl T( ^ ), and (T^ )( ) : = T( ^ ). This is compatible with the embedding of smooth forms into currents. Initial condition lim t!0 t = Evolution condition @ @t t = ; t .
There exists a universal solution of the heat equation: the heat kernel. The next results resumes its main properties. First, let us introduce some more notations. The projections of X X to the rst and the second component are denoted by pr 1 and pr 2 respectively. We denote by the involution automorphism of X X which interchanges the components. For a 2n + k form on X X we denote by pr 1 the integration on the bres of pr 1 . Thus, pr 1 is a k-form on X.
2.2 Theorem. Using the notations of 2.1 there exists a family p t of smooth 2n-forms on X X depending smoothly on t 2 R + such that:
(1) The operator P t : A k (X) ! A k (X) de ned by P t ( ) = pr 1 (p t^p r 2 ) \solves" the heat equation, for all 2 A k (X), i.e., t = P t ( ) is the heat ux of .
(2) The form p t is invariant under , i.e., p t = p t .
(3) For a smooth k-form 2 A k (X). The limit 1 = l i m t!1 P t ( ) is the harmonic projection of , i.e., 1 = 0 , and all integrals in the following formal computation are well de ned:
For proof of the theorem see chapter 2 in 1]. Let us remark that we prefer p t to be a 2n-form. Usually it is considered to bea section in the tensor product of certain half density bundles. These density bundles allow the integration of a function on a manifold. Our point of view is that on X we can integrate only 2n-forms.
2.3
We will need a local expression for the heat kernel near the diagonal for small t. Let us introduce coordinates on X X near a point (0 0) at the diagonal. We choose complex coordinates fz j g j=1 ::: n on X such t h a t a t 0 2 X the inner products are given by < d z j d z k >= 2 jk . We t a k e n o w coordinates fz j z 0 j g j=1 ::: n on X X such t h a t the diagonal is given by the equations z j = z 0 j , for j = 1 : : : n . As usual, we decompose z j = x j + iy j , and z 0 j = x 0 j + iy 0 j .
For abbreviation we write z instead of the n-tupel (z 1 : : : z n ). As usual jjzjj is de ned by jjzjj 2 = P n j=1 jz j j 2 . Under these assumptions the heat kernel p t is given by p t (z z 0 ) = exp ;jjz;z 0 jj 2 4t (4 t) n d(x 0 1 ; x 1 )^d(y 0 1 ; y 1 )^: : : d(x 0 n ; x n )^d(y 0 n ; y n ) + : where is a 2 n-form with bounded coe cients, for jjzjj, and jjz 0 jj small enough. If P 2 X X is a point outside the diagonal, then there exists an open subset U containing P such that p t j U is a bounded form tending to zero, for t ! 0.
3 The Green operator for Dirac currents 3.1 We want a heat ux for currents as well. Let T bean arbitrary current. We de ne the families fT t g t>0 of currents by T t ( ) = T(P t ( )) where P t is the heat ux operator of theorem 2.2. The properties of the heat ux for smooth forms imply T = lim t!0 T t . If ] is the current associated to a k-smooth form , then (using the notations of 2.1) we compute that Thus, the heat ux of currents generalizes the heat ux of smooth forms.
3.2 We consider the Dirac current Y associated to a closed submanifold Y X. We give a formula for the heat ux of this current. In particular, we see that Y t is the current associated to a smooth form Y t , for any t > 0. By :Ỹ ! X we denote a desingularization of Y . On the one hand we consider
On the the other hand we consider the morphisms X X Ỹ Hence, the symmetry of p t implies that Y t is the current associated with the smooth form Y t , for all t > 0.
3.3 We w ant to study the smooth forms Y t at a point y 2 Y , for small values of t. We assume that y is a smooth point of Y , and that Y is locally given by the equations (z j = 0) j=1 ::: k . Furthermore, we assume the z j to be unitary coordinates at the point y. Since we want to express Y t up to a bounded form, we assume that X = C n and Y the linear subspace de ned by (z j = 0 ) j=1 ::: k . We t a k e coordinates fz j g j=1 ::: n on X, a n d fz 0 j g j=k+1 ::: n on Y . The second and the third integral on the right hand side are smooth forms. Hence we only have to show t h a t R 1 0 Y s ds gives a form with L 1 coe cients. According to 2.3 it is therefore enough to show that this holds for a linear subspace C n;k in C n . This is the object of the following lemma. The now resulting equality @ g 0 = h 1 + @g 1 yields @ @ g 1 = 0 . Thus, we can repeat the argument to obtain a sequence (g l ) l 0 of currents satisfying @ g l;1 = h l + @g l with g l 2 D k;1;l k;1+l (X) a n d h l 2 H k;l k;1+l (X) :
We end up with @ g k;1 = h k . The Hodge decomposition implies that a @-exact current which is harmonic has to be zero. So we conclude @ g k;1 = 0 . By applying the Hodge decomposition to g k;1 , we obtain g k;1 = H k;1 + @ G k;1 + @ G k;1 : As before, from @ g k;1 = 0 we conclude @ G k;1 = 0. Now we compute @ g k;2 using the above formula: @ g k;2 = h k;1 + @(H k;1 + @ G k;1 ) = h k;1 + @ @ G k;1 : This yields @(g k;2 + @G k;1 ) = h k;1 . Repeating this process we obtain h k;1 = 0, g k;2 + @G k;1 = H k;2 + @ G k;2 , and @ g k;3 = h k;2 + @ @ G k;2 . Thus, we end up with g 0 = H 0 ; @G 1 + @ G 0 , which proves the lemma. and relate it to the Dirac current of their intersection product. However, we can only wedge a current with a smooth form. Hence, we can wedge a current only with those currents which ful ll certain conditions. The idea is that in order to intersect Y and Z we intersect Y Z with the diagonal X in X X. This diagonal is the limit of a family of smooth currents: the heat kernel.
LetỸ ! Y andZ ! Z be two desingularizations of our cycles. We consider the following situationỸ Z where p t is the heat kernel on X X. We say that Y and Z are wedgeable if for all smooth forms on X the limit ( Y^ Z )( ) = l i m Thus, we have shown the asserted equality of currents. We say that Y and Z intersect properly if their intersection has the expected dimension. We will need the following result for the computation of intersection multiplicities.
5.3 Lemma. Let ff i g i=1 ::: n be a r egular sequence of holomorphic functions in a neighbourhood of 0 2 C n , and g be a smooth function on C n . We de ne F(t) by F(t) = i n (8 t) n Z (B") n g(z) e x p ;(jf 1 j 2 + : : : + jf n j 2 ) 4t df 1^d f 1^: : : df n^d f n :
(1) Then for " > 0 small enough we have lim t!0 F(t) = g(0) mult 0 (f 1 : : : f n ).
(2) If the multiplicity of 0 is one, then there exists constants a and b not depending on g, " and t such that jF(t) ; F(0)j at " 2 jjgjj max + b p tjjdgjj max :
Proof: (1) We rst compute the above integral in case g 1, and f i = z i , for all i = 1 : : : n .
To this end, we compute using polar coordinates Using this formula n-times, we nd that the assertion is true for any " if f i = z i , and g 1.
Since g was assumed to be continuous, we nd that the asserted formula holds for a continuous function g if f i = z i , for i = 1 : : : n .
After these technical preparations the proof of the rst part is easy. We take (if necessary after passing to a smaller ") r 1 < r 2 such that f((B " ) n ) (B r 2 ) n , and f ;1 (B r 1 ) n (B " ) n holds. We remark that it is enough to compute the integral on the dense open subset where f = (f 1 : : : f n ) is unrami ed. On that subset it gives a mult 0 (f 1 : : : f n ) : 1 cover over the base. Thus, by passing to the coordinates z i on f(B " ) w e obtain the required equality. This inequality yields the assertion (2). We assume that P is a smooth point of Y Z. Let f 1 : : : f n bethe pull back of functions de ning the diagonal in X X in a neighbourhood of P. 
